STABLE AND NORM-STABLE INVARIANT 
SUBSPACES 



ALEXANDER BORICHEV, DON HADWIN, AND HASSAN YOUSEFI 

Abstract. We prove that if T is an operator on an infinite- 
dimensional Hilbert space whose spectrum and essential spectrum 
are both connected and whose Fredholm index is only or 1, then 
the only nontrivial norm-stable invariant subspaces of T are the 
finite-dimensional ones. We also characterize norm-stable invari- 
ant subspaces of any weighted unilateral shift operator. We show 
that quasianalytic shift operators are points of norm continuity of 
the lattice of the invariant subspaces. We also provide a neces- 
sary condition for strongly stable invariant subspaces for certain 
operators. 



1. Introduction 

In this paper we continue work started in [11] on stable invariant 
subspaces of Hilbert-space operators. In Section 2, we show that if T 
is an operator on a separable Hilbert space whose Fredholm index at 
every point in its semi-Fredholm domain is either or 1 and whose 
spectrum and essential spectrum are connected, then the proper norm 
stable invariant subspaces of T must be finite-dimensional (Theorem 
|6]). As a consequence, in Section 3, we completely characterize the 
norm-stable invariant subspaces of every weighted unilateral shift op- 
erator (Theorem [TT]) . In Section 4 we prove a semicontinuity result 
(Lemma [T3|) for an index invariant (see, for instance, |22]), and we use 
it to provide a necessary condition for invariant subspaces of certain 
operators to be (strongly) stable. Several open questions are given in 
Section 5. 

In our work, we need a variant of Y. Domar's result answering a 
problem of A. Shields ([2F, Problem 17], 1974, see also the updated 
edition of [25] published in 1979): the nonzero invariant subspaces of 
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a quasianalytic weighted unilateral shift operator all have finite co- 
dimension (Theorem [TS] in Appendix). 

Throughout this paper, "H is a separable infinite-dimensional Hilbert 
space, BiTi) is the set of all (bounded, linear) operators on "H, and 
/C('H) is the space of compact operators on "H. A closed linear subspace 
MofH will be identified with the orthogonal projection Pm onto M. If 
T G B{'H), then Lat (T) denotes the set of all closed invariant subspaces 
of T; alternatively, Lat (T) is the set of all projections P in 8(71) such 
that (1 — P)TP = 0. We denote the spectrum of T by cr(T) and the 
spectral radius of T by r{T). The image of an operator T G i3('H) in 
the Calkin algebra B{l-L) j fC{l-i) is denoted by T and (JeiT) denotes the 
essential spectrum of T, which by definition, equals cr(T). Recall that 
T G B{l-i) is a semi-Fredholm operator if Range (T) is closed and either 
dim(Ker (T)) or dim(Ker (T*)) is finite. In this case, the index of T is 
defined by 

ind (T) = dim(Ker (T)) - dim(Ker (T*)). 

The semi-Fredholm domain of T is denoted by Ps-fC^) is defined 
by 

Pg_p(T) = {AgC:A — Tis semi-Fredholm}. 
If ind (A — T) 7^ ihoo for every A G pg_p(T), then 

Recall that an operator T G i3('H) is biquasitriangular if and only if 
ind (T — A) = for every A G p^.p^T). The similarity orbit of T is 
defined to be 

S{T) = {ATA-^ : A G -BCH) is invertible}. 

One of the deepest results in approximation theory for operators is 
the Similarity Theorem [21 Theorem 9.2]. For our purposes we need 
only the special case taken from which we state here. 

Proposition 1. [1] Suppose B,Ae BiTi). 

(1) If A is a normal operator and cr(A) C C\pg_p{B) , then S{B) 
and S{A(B B) have the same norm closures. 

(2) // 

(a) (Jf.{B) has no isolated points, 

(b) either ap{B) = (J} or ap{B*) = 0, 

(c) each component of ae{A) meets ae{B), 

(d) ae(S) C aM), 

(e) Ps-f(^) C Ps-f{B) and ind {A - X) = ind {B - X) ^ ±oo 
for every X G pg_p{A). 
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Then A is in the norm closure of S{B). 

An invariant subspace P G Lat (T) is called (strongly) stable if, 
whenever there is a sequence {T„} in B{l-i) such that ||T„ — T|| — )■ 0, 
there is a sequence {Pn} with P„ G Lat (T„) for n>l such that Pn ^ P 
in the strong operator topology (SOT). We say that P is norm stable 
if we can always choose {Pn} so that ||P„ — P|| — )■ 0. We let Lats(T) 
be the collection of stable invariant subspaces of T and Lat„<j(T) be 
the collection of norm-stable invariant subspaces of T. It is clear that 
Lat„s(T) C Lats(T) and it is easy to show that Lat„,5(T) contains {0} 
and 1-L. It is also easy to show that Lat ns{T) is norm closed and that 
Lats(T) is SOT-closed (see [11])- The following question was posed in 

m 

Question: Is Lats(T) always the SOT-closure of Lat„s(T)? 

J. Conway and D. Hadwin [11] gave an affirmative answer to this 
question when T is normal or an unweighted unilateral shift of finite 
multiplicity. 

In the finite-dimensional setting, the stable invariant subspaces of 
an operator were characterized in [S], [H], and [2]. In [3] C. Apostol, 
C. Foia§ and N. Salinas showed that if T is a normal operator, then 
the projections in Lat„s(T) are precisely the spectral subspaces cor- 
responding to clopen subsets of cr{T). Moreover, they proved that a 
quasitriangular operator with connected spectrum has no nontrivial 
norm-stable invariant subspace (i.e., Lat„s(T) = {0,1}). The ques- 
tion for Lats(T) is much more delicate and is related to the invariant 
subspace problem \T\\ . 

2. Results on Lat^^. 

We begin with a topological lemma for compact subsets of the plane. 
li K (ZC and e > 0, then we define = {z eC : dist (z, K) < e}. 

We use the notation B = {z e C : \z\ < 1} , rB = {z e C : \z\ < r}, 
T = d3. 

Lemma 2. Suppose that K is a nonempty compact connected subset 
ofC, 6 > 0, andU is a collection of bounded connected components of 
C\K such that each U E U contains a point whose distance to K is 
greater than 5. Let V = [^U. Then there is an r > 1 and a univalent 

U&A 

(analytic) function ip on r© such that 

(1) V2(T) C Ks, and 

(2) V\Ks C (/?(D) (ZKsUV. 
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Proof, li U = 0, then V = 0, and we can choose an a G and 
define (p{z) — a + ^z. Now suppose that U ^ 0. Let Vi, . . . ,Vn be 
the elements of U that contain a closed disc of radius 5. Since K 
is connected, each Vj is simply connected, since it has a connected 
complement. Thus there is a univalent function fj from the unit disc 
D to Vj for 1 < j <n. Since {/j(rD) : < r < 1} is an open cover of 
Vj, there is a < i < 1, such that 

{z e Vj ■ dist (z, K) > 5/2} C /j(iD) = ly,- 

for 1 < j <n. Since 

l<j<n 

is an open and connected set containing the disjoint closed contractible 

"discs" Wi, . . . , Wn, there is a simple closed curve 7 in $7 that winds 
around each point in |J]^<^<„ Wj and doesn't wind around any point 
outside Q. (This is extremely easy to see if we first shrink each Wj to 
a point.) Thus there is a univalent function / on D such that /(©) is 
the set of points inside 7. As above we can choose s, < s < 1, so 
that Ui<j<n^j ^ /(sD)- It is clear that defining (p{z) — f{z/s) and 
r — 1/s yields the desired function. □ 

Lemma 3. Suppose S e ^{1-1), r > 1 > r{S), and (f is a univalent 
function on rD. Then 

(1) a{^{S)) = if{a{S)), ae(^(5)) = via,{S)), 

(2) for every XeB, Ker (^-A) = Ker {ip{S)-ip{X)), Ker (S-X)* = 
Ker {ip{S) - ip{X)y, ind - A) = ind {ip{S) - ip{X)), 

(3) LatiS) ^Leit {(p{S)). 

Proof. Statement (1) is the spectral mapping theorem for the Riesz- 
Dunford functional calculus. Since </? is univalent, (/^(rD) is simply 
connected, and it follows from Runge's Theorem that (/? and Lp~^ are 
limits of polynomials that converge uniformly on compact sets. This 
shows that (2) holds and then S and (p{S) generate the same norm- 
closed unital algebras, from which (3) easily follows. □ 

Let Q{'H) denote the set of all operators in B{'H) whose nontrivial 
invariant subspaces all have finite co-dimension. 

Lemma 4. Suppose % is a separable infinite- dimensional Hilbert space 
andT e Q{H). Then 

(1) cr(T) is connected, 

(2) ind (T - A) e {0, -1} for every X e Ps-f{T)- 
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Proof. If (t{T) were disconnected, then the Riesz-Dunford functional 
calculus would give a spectral idempotent P that commutes with T 
and either Ker P or Ker (1 — P) would be a nonzero invariant subspace 
with infinte co-dimension. 

Clearly, T cannot have any eigenvalues, and T* cannot have an eigen- 
value with an infinite-dimensional eigenspace. Hence, ind (T — A) < 
whenever A G pg_p{T). Suppose that ind (T— A) < —2. Then A = T—\ 
is injective, AiTi) is closed and dim AiTi)^ > 2. It follows from the 
injectivity of A that dim(A"('H) e A^'+^'H)) > 2 for every n > 1. 
Let Xq, f G AiTi)^ be two orthogonal unit vectors, and, for n > 1, 
take a unit vector Xn G A'^i'H) Q A'^+^{'H) such that x„±A"/. Let 
M = closspan {A^f : n > 0}. Then M is an invariant subspace for T 
and if a; = ^ anXn £ M, then, by successively projecting onto A"'{'H)^, 
n = 1,2, . . ., we see that x = 0. Hence M has infinite co-dimension, 
which is a contradiction to the assumption T G Q. Hence statement 
(2) holds. □ 

Theorem 5. The norm closure of the set TZ of operators with connected 
essential spectrum and whose nontrivial invariant subspaces all have 
finite co-dimension is the set T of all operators T G B{'H), such that 
cr{T) and cre(T) are both connected and such that 

ind(T- A) G {0,-1} 

for every A G Ps-f(J')- 

Proof. The inclusion clos TZ G T follows from Lemma H] and the fact 
that T is norm closed. Suppose T G T and e > 0. Let be a 
normal operator such that (j{N) = ae{N) = ae{T). It follows from 
Proposition [1] that T is in the closure of the similarity orbit of T © A^. 
We let K = <7e(T), and let U be the set of those components of C\K 
where ind (T — A) = —1. Now we apply Lemma[2]to obtain V, r, (f, and 
let 7 = v'(T). Let be a quasianalytic shift operator satisfying the 
conditions of Theorem [TS] in Appendix. It follows from Lemma [3] and 
Theorem [TSl that Lat S = Lat ip{S), '^{S) G TZ, a{ip{S)) = ip{(T{S)) = 
ifiB), aeiifiS)) = ifMS)) = ip{T) = 7, md{^{S) - A) = -1 exactly 
when X e (p(D). 

Choose a normal operator A^^ such that ||A^ — A^^H < e and (tIN^) = 
clos [(Te(T)!r]. It follows from Proposition [1] that T© A^^ is in the closure 
of the similarity orbit of ip{S); hence T © A^^ G clos 7?.. Since ||T © 
A^ — T © A^^ll < e and e > was arbitrary, we know that T © A^ G 
clos 7?.. Since T G clos5(T © A^), we know that T G clos 7^. Thus, 
T C clos7^. □ 
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We can now prove the main theorem of this section. 

Theorem 6. Let T G and suppose that o"e(T) and cr{T) are both 

connected. Then 

(1) //ind (T - A) G {0, -1} for every X G psAT) and ifOj^ M G 
Lat„,(r), then dimM^ < oo and a{T*\M^) C clos { A G C : 
ind (T- A) = -1}. 

(2) // ind(T - A) G {0,1} for every A G PsAT) and if U ^ 
M G Lat„s(T), then dimM < oo and a{T\M) C clos {A G 
C : ind(T- A) = 1}. 

Proof. (1). In this case it follows from Theorem O that T is a norm 
limit of operators whose nonzero invariant subspaces all have finite co- 
dimension. Since the set of projections with finite co-dimension is norm 
closed, it follows that any nonzero norm-stable invariant subspace of 
T has finite co-dimension. If f/ = {A G C : ind (T — A) = —1} = 
0, then it follows from Theorem |5] that T and T* are norm limits 
of operators whose nontrivial invariant subspaces all have finite co- 
dimension; whence, Lat„s(T) = {0, 1}. Suppose U ^ 0. If £ > 0, then 
U has only finitely many connected components ?7i, . . . , Um containing 
a disc of radius e. Since cr(T) and (JeiT) are connected, the components 
?7i, . . . , Um are simply connected. For each k, 1 < k < m, there is an 
Tfc > 1 and a univalent mapping yj^ : r^D — )■ Uk such that Uk\iPk{^) ^ 
{z E Uk : dist {z,C\Uk) < s}. Let S' be a quasianalytic shift operator 
satisfying the conditions of Theorem [T8|, and let A = (Pi{S) © ■ ■ ■ © 
V'm('S') © where A^g is a normal operator with no eigenvalues whose 
spectrum is the closure of ae{T)e- It follows from Proposition [1] that 
T(BN^ is in the closure of the similarity orbit of A. Also we can choose a 
normal operator N with a{N) = ae{N) = cre{T) such that ||iV — A^^H < 
e. Since, by Proposition [H T is in the closure of the similarity orbit of 
T®N, and ap{A*) C {A : A G U^^i¥P;^(D)} C { A : A G U}^it follows 
that T is a limit of operators T„ such that crp(T*\M^) C {A : A G f/} 
for every M„ ^ Lat T„ with codim (M„) < oo. Thus statement (1) is 
proved. 

(2). In this case T* satisfies the conditions of part (1), and since 
LatnsiT*) is clearly {M-*- : M G hainsiT)}, the desired conclusion 
follows from part (1). □ 

3. Lat„s for Weighted Unilateral Shifts 

We can use Theorem [6]to completely characterize Lat ns{T) whenever 
T is a weighted unilateral shift operator. The first step is the following 
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Corollary 7. // T is an injective unilateral weighted shift operator, 
then every nonzero norm-stable invariant subspace of T has finite co- 
dimension. 

Proof. If the weights of T are not bounded away from 0, then a compact 
perturbation of T, obtained by replacing a subsequence of weights with 
zeros, is quasidiagonal, and hence biquasitriangular. Since weighted 
shifts have connected spectrum, it follows from [21 Corollary 3.9] that 
T has no nontrivial norm-stable invariant subspaces. If the weights of 
T are bounded away from 0, then T satisfies condition (1) in Theorem 
1 □ 

The following lemma is a simple application of the Gram-Schmidt 
process. 

Lemma 8. Suppose {ui, . . . , «„} is a linear basis for a subspace M of 
%, and suppose, for A; G N, that Mk is the span of {wfci, . . . // 
limfc^oo ll^i - UkjW =Oforl<j<n, then ||Pm^ - Pm\\ 0. 

Corollary 9. If T & B{'H) and Mi, . . . , are one- dimensional sub- 
spaces in Lat „s(T) (respectively, Lat ^(T) ), then Mi -|- . . . -|- belongs 
to Lat „s(T) (respectively, haXsiT)). 

Lemma 10. Suppose T is a bounded operator on %, and M is a 
nonzero finite- dimensional cyclic invariant subspace for T* such that 
a{T*\M) n (Te(T*) = and a{T*\M) n {A : A G ap{T)} = 0. Then 
M G Lat„,(T*). 

Proof. We know that if p{z) is the minimal polynomial for T*\M, then 
it_s set of roots is a{T*\M) and M C Ker (p(T*)). Since a{T*\M) n 
{A : A G crp(T)} = 0, we know that Ker(p(T*)*) = 0. Moreover, 
a{T*\M) n o-e(T*) = implies that p{T*) is Fredholm, and we know 
that Range (p(r*)) = Ker(V(T*)*)^ = n, thus p{T*) is surjective. If 
{Ak} is a sequence converging in norm to T*, then p(T*)|| — )■ 0, 

and, by [HI Lemma 1.6], the projection Q^. onto Kei {p{Ak)) converge 
in norm to the projection Q onto Ker (p(T*)). Let e be a cyclic vector 
for T*\M. If m = deg(p), then {e, T*e, . . . , {T*)"'-^e} is a basis for M, 
and since QkC G Kei p{Ak), the set {QfcC, A^Qk^, ■ ■ ■ , A^'^Q^e} spans 
a subspace Mk G Lat (A^) for each k > 1. It follows from Lemma [HI 
that ||Pa4 - Pm\\ -> 0. Thus M G Lat„,(T*). □ 

We are now ready to completely characterize Lat„s(T) for every 
unilateral shift operator T. 

Theorem 11. Suppose T is a weighted unilateral shift operator and let 
ro = inf{|A| : A G ae(T)}. If ro = 0, then Lat„,(T) = {0, 1}. Ifro > 0, 
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then a subspace M ^ is in Lat ns{T*) if and only if dim M < oo and 
\X\ < ro for every X e a{T*\M). 

Proof. The "only if part follows from Theorem [6l Suppose that 
{eo, ei, . . .} is an orthonormal basis, and {ari}„>o is a sequence of pos- 
itive numbers such that Te„ = Q;„e„+i for all n > 0. Then T*eo = 
and T*e„+i = anCn for all n > 0. Suppose that A G C and A G (Tp(T*). 
Then there is a vector 7^ = (/Sq, f^i, ■ ■ ■) such that (T* — A)/a,i = 0. 
It is clear that /^g 7^ 0, so we can assume /3q = 1, and, for n > 1, 

B = - . 

ao ■ . . . ■ an-i 

It follows that Ker (T* — A) is 1- dimensional. Thus, if M is a finite- 
dimensional invariant subspace for T*, then each eigenvalue for T*\M 
has exactly one Jordan block in its Jordan form. Thus T*\M is cyclic. 
It follows from Lemma [10] that if a{T*\M) n cJe(T*) = 0, then M G 
Lat„s(T*). Next suppose that there exists an /a,2 such that (T* — 
A)/a,2 = /a,i- Then we can choose /a,2 = (0, 7i, 72, ■ ■ and we see the 
7^'s are uniquely determined and, for n > 1, 



In — 

ao- ... ■ a„-i 

More generally, if we have /a,i, . . . , fx^m such that, for 1 < A; < m, 

(T* — A)/a,A:+i = /A,fc 

and the first k coordinates of fx^k+i are 0, then 

f\,k = (0, . . . , 0, Cfc,fc, Cfc,A:+lA, Cfc,fc+2A^, . . .), 

where the positive numbers Ckj {j > k) depend only on the weights 
{an} and not on A. Note that ||/A,fc|| depends on |A|, so that if ||/Ao,fc|| < 
00 for some Aq, then ||/A,fc|| < cxo for all A with |A| < |Ao| = r. Moreover, 
the map A 1— >■ ||/a,a:|| is continuous on rD (by the dominated convergence 
theorem). If a sequence {hn} of vectors in a Hilbert space converges 
weakly to h and if \\hn\\ — > \\h\\, then — h\\ — > 0. It follows that the 
map A I— 7- fx^k is norm continuous on rD. 

Now suppose M G Lat (T*) is finite-dimensional and |A| < tq for 
every A G a{T*\M). li p{z) = [z - Xi)""' ■ . . . ■ {z - X,)""' is the minimal 
polynomial for T*\M, then {/aj,^ : 1 < J < s, 1 < A; < rrij} is a linear 
basis for M. The desired conclusion follows from Lemma |Hi □ 

We see that quasianalytic shifts are points of norm continuity of Lat . 

Corollary 12. Suppose T is a quasianalytic unilateral shift operator 
satisfying the conditions of TheoremlT^ Then Lat (T) = Lat„s(T). 
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4. A Result for Lat^. 

Suppose that T G BiTi) and P G Lat (T). We define the index of T 
relative to P by 

ind (T, P) = dim P{n)e clos TP{n). 

If T is bounded from below, i.e., KerT = and T{'H) is closed, 
then ind (T, P) can be defined in terms of the Fredholm index, namely 
ind (T, P) = — ind {T\P). We first prove a semi continuity result. 

Lemma 13. Suppose that T, 5*1, 5*2, . . . G BiJ-L) and P G Lat T and 

P„ G Lat Sn for n > 1 are such that 

(1) T bounded from below, 

(2) IIS'^ - r|| ^ 0, an(i 

(3) Pn ^ P in the strong operator topology. 

Then 

ind (T, P) < liminf ind (^„, P„). 

Proof. Let ind (T, P) > fc, and let E he a linear subspace of P('H) 
TP{7i), dimE = k. Since dimii^ < oo, Pn\E converge to 1\E in norm. 

Suppose that PnE fl SnPn{H) 7^ {0} for large n. Passing to a subse- 
quence, we can find e„ G E, ||e„|| = 1, such that 

PnCn G SnPnCH), 6^ ^ 6 E E, 

and hence Pe = e 7^ 0. Denote m„ = S^^P^e^ G Pn{H). Then 
is a bounded sequence, and then, a Cauchy sequence (since SnUn — )■ e, 
— )■ 00); denote / = Imin^ooUn- We have Tf = e E E, f ^ Pi.'H)- 
Furthermore, Un = PnUn Pf 7^ /• This contradiction shows that 
PnE n SnPni'H) = {0} for large n, and, hence, 

dim Pn{H) e SnPniU) > dim E = k. 

□ 

Lemma 14. Suppose that S is the (unweighted) unilateral shift opera- 
tor, r > 1, and ip : rD — )■ C zs univalent with (f{0) = 0. Then for every 
P G Lat S we have ind {(p{S), P) < 1. 

Proof. It follows from Lemma [3] that Lat S = Lat f{S). Since is 
univalent and (^(0) = 0, we have if{z) = zip{z) where ip{z) ^ for every 
z G rD. Hence V'(>S') = SA with A invertible and A and A~^ = {■^){S) 
are in the weakly closed algebra generated by S. Thus {p{S)P{T-L) = 
SPiTi), and we conclude that ind {(p{S), P) = ind {S, P) < 1. The last 
inequality follows from Beurling's characterization of Lat 5* [6] . □ 
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Theorem 15. Suppose that T G B{'H), cr(T) and crdT) are both con- 
nected, and ind (T — A) G { — 1,0} for every X G pg_p{T), and sup- 
pose that ind (T) = —1 and Ker (T) =0. If P & Lats(T), then 
ind (T,P) < 1. 

Proof. We imitate the proof of Theorem O replacing a quasianalytic 
shift with the unweighted unilateral shift S. Since ind (T) = —1, we 
can assume (by composing with a disc automorphism) that ipifS) = 0. 
It follows that T is the norm limit of a sequence {Sn}, where each Sn 
is similar to ^Pni^) some univalent functions on a neighborhood 
of D with V5„(0) = 0. The desired conclusion follows from Lemmas [T3l 
and[Tl □ 

Suppose M G Lat (T) and = clos T(M). With respect to the 
decomposition l-L = N ® (M A^) © M-*-, T has an operator matrix 

I A B C \ 
D 



where the size of the in the (2, 2)-entry is ind (T, M). In [Ij C. Apos- 
tol, H. Bercovici, C. Foia§, and C. Pearcy introduced a class K■^^^ of 
contraction operators and they proved that if T G A^^g, then T has 
invariant subspaces with arbitrary index. They also proved that if T 
is a contractive unilateral weighted shift whose weights converge to 1, 
then either T G A^^g or T is similar to the unweighted unilateral shift. 



Corollary 16. Suppose T is a unilateral shift whose weights converge 
to \\T\\ 7^ 0. Then the following are equivalent: 

(1) Lat(r) = Lat,(T) 

(2) T is similar to ||T|| times the unweighted unilateral shift, 

(3) ind (T, P) < 1 for every P G Lat (T). 

Remark 17. //, in the proof of Theorem [731 we replace the role of the 
unweighted unilateral shift S with a direct sum S*^"-* of n > 1 copies of 
S, then we can show that if ind (T) = —n, Ker (T) = 0, ind (T — A) G 
{— n, 0} for every A G pg_p{T), and cr(T) and CeiT) are both connected, 
then ind (T, P) <n for every P G Lat s(T). 




Thus the Bergman shift with weights y is in A; 




5. Questions 



We conclude with some open questions. 

Question 1. Suppose that T G Q{'H), i.e., the nontrivial invariant 
subspaces of T all have finite co-dimension, must (JeiT) be connected? 
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In particular, is there an operator T G Q('H) whose spectrum is an 
annulus and essential spectrum is its boundary with Fredholm index 
— 1 inside the annulus? 

Question 2. Suppose that T is a weighted unilateral shift with closed 
range. If P G Lat (T) and ind (T, P) = 1, must P G Lat ,(T)? 

Question 3. What is Lat ^(T) when T is a unilateral weighted shift? 
What if T is the Bergman shift? 

Appendix. Quasianalytic Shifts 

A key ingredient of the proof of our main results on stable invariant 
subspaces involves properties of quasianalytic shift operators, which are 
weighted unilateral shifts with weights converging to 1, whose essential 
spectrum is the unit circle, whose spectrum is the closed unit disc, 
whose Fredholm index is —1 on the open unit disc. An example of a 
quasianalytic shift has weights exp(A/rr+T — \/n). These shifts were 
used in [17] and [Hj to show that results of Lomonosov [20], [2T] did 
not lead to an immediate solution of the invariant subspace problem. 
The most important property of quasianalytic shifts from our point of 
view concerns their invariant subspaces. Question 17 in the seminal 
1974 paper [25] on weighted shift operators by Allen Shields is whether 
the nonzero invariant subspaces of quasianalytic shifts all have finite 
co-dimension. In this section we establish a version of Domar's result 
answering Shields' question in the affirmative. 

Let us introduce some definitions. Given a function u : Z_|_ — )■ 
[1, +oo) such that 

. u{n + 1) ^ uj{n + 1) 
< mf < sup , , < oo, 

n>0 LL!{n) n>0 UJ[n) 

lim = 1, 

n— >oo 

we consider the unilateral shift operator S^j : — ?■ ^^(Z+), S^^Cn = 
{u}{n + l)/u{n))en+i, where e„ = {Smn}m>o e 

Let be the Beurling space of the functions / analytic in the unit 
disc ©, with f{z) = J2n>o ^ G D, such that 

II/IIa£ = EI/HI'^H'<^- 

n.>0 

The operator : f ^ zf of multiplication by the independent 
variable on is isomorphic to S^^. Denote C0s{n) = co{n){l + n)~^ , 
and suppose that the sequence logu)i{n) is convex for large n. Then 
Ui{n + m) < cu!i{n)ui{m), n > 0, m > 0, and is a Banach algebra 
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with respect to the convolution multiphcation: 

ll/^lli£ = El?^HlM^)' = El E mg{n-k)\'u:{nf< 



n>0 n>0 0<A:<n 

Ijj(n) 



EE 



.ui(k)uj(n — k) 

n>0 0<k<n \ ^ \ ' 



X 



0<fc<ri 
C 



\f{k)\Mkf\9{n-k)\^u{n-k) 

;<n 



< 



m>0 v>0 

\2 



By Corollary 1, p. 94], the space of maximal ideals of is the 
closed unit disc D. 

Next, we suppose that u is log-convex, that is it extends to M+ in 
such a way that t (-)■ loga;(expt) is convex for large t, and that 



E 



log ijj(n) 

= oo. 



^3/2 _^ I 
n>0 

In this case, the space is quasi- analytic, in the sense that C 
C~(D), and if / G A^, ^ e ©, /("H-^) = for all n > 0, then / = 0, 
see UniESlE]. 

Let us assume that u satisfies an additional property: for every 
polynomial p, there exists c{p) < oo such that 

(A.i) lb/i/2|U£ < cip)\\pMUdpf2\U, /i,/2 e 



Then by Theorem 1 of Domar [13j , every non-trivial closed M^-invariant 
subspace of has finite co-dimension. 

By Remarks 1 and 2 of [13], we need only to verify f lA.l|) for p{z) = 



— A)" with AG©. In fact, Domar gives (Theorem 3, Remarks 3 
and 4 in ^(L3\, see also [12j) a sufficient condition on u in order that the 
space 

Al = {J2fin)z-:J2\fin)Hn)<oo} 



n>0 n>0 



would satisfy the property that every non-trivial closed Mz-invariant 
subspace of Alj has finite co-dimension. 
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Here we present two arguments giving ( 1A.1I) . For simplicity, let us 
assume that p{z) = z — 1. We need to prove that 

(A.2) ||(^-l)/i/2|U2 <c||(^-l)/i|U2.||(^-l)/2|U2, hj2eAl 

The first argument. It is known (see, for example, [T^ Lemma 5.2] 
adapting a general construction in p| Proposition B.l]) that there ex- 
ists a positive continuous function ip : (1, 2] — )■ (0, oo) such that 

09 (r) r ^"(ir x — — — , n > 0. 
uj{n) 

Let Q = {z : 1 < \z\ < 2}. Given a function (yf in 

= {h: [ |/i|V^ < oo}, 

we define 

Cg{z) = - [ ^!s^dm2{w). 

Jl<\u,\<2 Z-W 

Then the space coincides E]) with the image space {Cg : g G 

\\f\\Ai-mmg\\L^^,n)--Cg\]D) = f}. 

Now, let gi{z) = (z - l)/i(^), g2iz) = (z - l)/2(^), where 5(1,5(2 G 
are canonical densities ([El Section 2]). Then 



■ - 1 V V ■ - 1 

and to prove (1A.2P we need only to verify that 

II ^32 M . II II II II 

pi ■ :3YilL2(^,f7) ^ c\m\\L\^,n) ■ mui- 

Finally, the equahty 

(C52) (z) _ Cg2{z)-Cg2{l) _ fc^^)] (^) 



z~l z-1 V --1'. 

Lemma 8.2, Proposition 8.4, and Lemma B.6 in [S] give us the estimate 

II '^92 II . II 92 II 

< c 



II . _ ]^ IIl°°{q) — II . _ ]^ llL3(n)' 

if logW3(r;,) is concave for large n. 

The second argument was proposed to us by Omar El-Fallah. 
First of all, if u}2{'n) increases for large n, then 

(A.3) Wiz - 1) f hi >c\\f\\Ai^, feAl 
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Indeed, if g{z) = {z - l)f{z), g{z) = En>o^(^)^"' then 

0<fe<n 

n>0 n>0 fc>n 

?i>0 fc>n fc>0 0<n<k 



cY,m)Mkf = c\\g 




k>0 

Next, we note that 

ll/IUax 1/(0)1 + ||/'||^.^, feAl 

Therefore, by flA.Sp . to prove flA.2p we need only to verify that 

ii[(^-i)/r^?iiA£^<cii[(^-i)/rii^£,-ii^?iiA£j 

this estimate follows immediately if loga;2('^) is concave for large n. 
Summing up, we obtain the following result. 

Theorem 18. Letco : Z+ — [1, +oo) be such that limn-i.oo^^inY^"' = 1, 
for every k > 0, the sequence u{n){n + 1)"*^ is concave for large n, uj 
is log- convex, and 

\ogu{n) ^ 

^3/2 _(_ I 

n>0 

Then every nontrivial closed invariant subspace of S^^ has finite co- 
dimension. 
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